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Abstract
We show that the structure constants of k-Lie algebras, k > 3, with a positive
definite metric are the sum of the volume forms of orthogonal k-planes. This gen-
eralizes the result for k = 3 in arXiv:0804.2662 and arXiv:0804.3078, and confirms
a conjecture in math/0211170.
Metric k-Lie algebras, k > 2, have emerged in the investigation of maximally super-
symmetric supergravity solutions in [1]. In particular, one finds that the Killing spinor
equations of IIB supergravity require that the 5-form field strength of maximally su-
persymmetric backgrounds to obey the Jacobi identity of the structure constants of a
10-dimensional 4-Lie algebra. So the classification of such backgrounds relies on the
understanding of the solutions of the associated Jacobi identity. This was achieved in
[2], after a lengthy computation, for the particular case that applies in IIB supergravity
and some other related cases. In the same paper, it was realized that k-Lie algebras,
k > 2, are highly constrained. In particular for all cases investigated it was found that
the structure constants are the sum of the volume forms of orthogonal planes. So it was
conjectured that this is likely to be the case for all metric k-Lie algebras, k > 2, with
Euclidean signature metrics.
More recently, 3-Lie algebras have appeared in an attempt to construct a multiple
M2-brane theory [3, 4, 5]. This followed earlier attempts to construct superconformal
N = 8 Chern-Simons [6] and multiple M2-brane theories [7]. Some other aspects have
been examined in [12, 13, 14, 15, 16, 17]. Consistency requires that one should be able
to relate such a M2-brane theory to the U(N) maximally supersymmetric gauge theory
in 3-dimensions which describes N D2-branes [8, 9, 10, 11]. This relation also implies
that there must be 3-Lie algebras which contain the Lie algebra u(N) of the gauge group
of D2-branes. This again raises the issue of the solution of the Jacobi identities for
metric 3-Lie algebras and requires that there must be more general solutions than those
suggested in [2]. However, it was shown in [19] that one cannot embed most semi-simple
Lie algebras in metric 3-Lie algebras. Moreover it was confirmed in [19, 20] that the only
solutions of the Jacobi identity of metric 3-Lie algebras with a positive definite metric
are those stated in the conjecture of [2].
In this paper, we shall confirm the conjecture of [2] for a k-Lie algebra, a[k], with a
positive definite metric. In particular, we shall show that the structure constants of such
an algebra are of the form
F =
∑
r
µr dvol(Vr) , Vr ⊂ a[k] (0.1)
where Vr are k-planes, Vr ⊥ Vr′ for r 6= r
′ and µr are constants. The proof of (0.1)
follows closely that of [19] for 3-Lie algebras.
The Jacobi identity of a metric k-Lie algebra, a[k], is
FC[A1...AkF
C
B1]B2...Bk = 0 , A, B, C, · · · = 0, . . . , n− 1 , (0.2)
where F are the structure constants and n is the dimension of a[3] , respectively. Com-
patibility with a metric requires that the structure constants F are skew-symmetric in
all indices1. For k = 2, (0.2) is the Jacobi identity of a standard metric Lie algebra.
To prove our result, first observe that given a vector X in a[k], one can associate
a metric (k-1)-Lie algebra a[k−1](X) to a[k] defined as the orthogonal complement of X
in a[k] with structure constants iXF . It is easy to verify that iXF satisfies the Jacobi
1We raise and lower indices with the compatible metric and do not distinguish between a vector
space and its dual.
1
identity using (0.2). This allows us to prove the result inductively. In particular, the
validity of the conjecture has been confirm for k = 3. Assuming next that it is valid for
metric (k − 1)-Lie algebras, we shall show that it is also valid metric for k-Lie algebras.
To continue, without loss of generality, take the vector field X to be along the 0
direction. Then split the indices as A = (0, i), B = (0, j) and so on, with i, j, · · · =
1, . . . , n−1. Setting Ak = Bk = 0 and the rest of the free indices in the range 1, . . . , n−1
in (0.2), it is easy to see that
fi1...ik = F0i1...ik (0.3)
satisfy the Jacobi identity of (k − 1)-Lie algebras and f are the structure constants of
a[k−1](X). Thus we have written F as
F =
1
k!
fi1...ik e
0 ∧ ei1 ∧ · · · ∧ eik +
1
(k + 1)!
φj1...jk+1 e
j1 ∧ · · · ∧ ejk+1 (0.4)
where (e0, ei), i = 1, . . . , n− 1, is an orthonormal basis.
Next set Bk = 0 and the rest of the free indices in the range 1, . . . , n − 1 in (0.2).
Using the skew-symmetry of F , one finds that
φh[j1...jkf
h
jk+1]i1...ik−2 = 0 . (0.5)
This implies that the (k+1)-form φ is invariant with respect to a[k−1](X).
To proceed, we must describe the invariant forms φ. For this, we first use the inductive
hypothesis to write the structure constants of a[k−1](X) as the sum of the volume forms
of orthogonal k-planes, Ur. In particular, without loss of generality, one has
f = µ1 e1 ∧ · · · ∧ ek + µ2 ek+1 ∧ · · · ∧ e2k + . . . =
∑
r
µr fr, (0.6)
where µ1, µ2, . . . are constants. Next, observe that (0.5) can be interpreted as an in-
variance condition for φ under all k!/3!(k − 3)! choices of su(2) algebras that can be
embedded in each orthogonal k-plane Ur. This is done by choosing 3 out of k orthogonal
directions in Ur with respect to an orthonormal basis. In fact, this invariance holds
for every choice of an orthonormal basis in Ur. All these infinitesimal transformations
generate so(Ur). Thus, the only invariant forms are the volume forms of the Ur planes
and those forms that are along the directions m in a[k] which are orthogonal to both e
0
and a[k−1](X), ie
φ =
∑
I,r
νI
rρI ∧ fr + ξ , a[k] = e
0 ∧ a[k−1](X)⊕m , (0.7)
where νI
r are constants, and ρI ∈ Λ1(m) and ξ ∈ Λk+1(m). Thus F can be rewritten as
F =
∑
r
σr ∧ fr + ξ , (0.8)
for some constants µr 6= 0 and νI
r, where
σr = µre0 +
∑
I
νI
rρI . (0.9)
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Using that fr and fr′, for r 6= r
′, are mutually orthogonal, the Jacobi identity (0.2)
implies that σr and σr
′
are mutually orthogonal as well. Thus there is an orthogonal
transformation in m such that one can write
F =
∑
r
λr e
r ∧ fr + ξ , (0.10)
for some constants λr, where e
r belong to an orthonormal basis in m. In particular, one
has er ⊥ er
′
for r 6= r′ and ierfs = 0 for all r and s.
Furthermore, using the orthogonality of fr and ξ and the Jacobi identity (0.2), one
finds that
ierξ = 0 . (0.11)
This can be easily seen from (0.2) by setting A1, . . . Ak to take values in the a[k−1](X)
and B1, . . . , Bk to take values in m. A consequence of (0.11) is that the (k+1)-form ξ
on m satisfies (0.2), ie m is also a metric k-Lie algebra, b[k], with structure constants ξ.
Since the dimension of b[k] ⊂ a[k] is strictly less than that of the original metric k-Lie
algebra a[k], the analysis can be repeated and it will terminate after a finite number
of steps. Thus, we have established the conjecture of ([2]) for all k-Lie algebras with
positive definite metrics. It is likely that the above proof can be adapted to show that
the conjecture holds for Lorentzian signature metrics as well.
To interpret (0.2) in the context of Plu¨cker-type of relations, define MGrk+1(n) as
the sequences of orthogonal (k+1)-planes in a n-dimensional Euclidean vector space Rn.
This space can be thought of as a multiple Grassmannian. We have now established that
(0.2) describes an embedding of MGrk+1(n), k > 2, in the projective space P (Λ
k(Rn))
and it should be investigated further.
Note added: A different proof of the described result has been given in [21] using
another approach.
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